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Functional estimation problem
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Estimation of functionals

@ Xi,...,Xpiid. ~ Py,0 € ©inaspace S
@ © C E, E alinear normed space
@ F aclass of functionals f: © — R

@ For given f € F, the goal is to estimate f(¢) based on the
observations Xj, ..., Xj
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Estimation of functionals: more specific problems

@ Given a class F of functionals f : © — R, what is the size of the
“optimal risk" of functional estimation in the class F

5n(©; F) := supinf sup Bg(Tn(F; Xi, ..., Xp) — £(6))??
feF Tn gco

Vladimir Koltchinskii (Georgia Tech) Estimation of Functionals INFORMS 2025 5/158



Estimation of functionals: more specific problems

@ Given a class F of functionals f : © — R, what is the size of the
“optimal risk" of functional estimation in the class F

5n(©; F) := supinf sup Bg(Tn(F; Xi, ..., Xp) — £(6))??
feF Tn gco

@ Is there a “universal" estimation method T,(f; Xy, ..., Xp), f € F for
which the “optimal risk" §,(©; F) is attained?
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Estimation of functionals: more specific problems

@ Given a class F of functionals f : © — R, what is the size of the
“optimal risk" of functional estimation in the class F

5n(©; F) := supinf sup Bg(Tn(F; Xi, ..., Xp) — £(6))??
feF Tn gco

@ Is there a “universal" estimation method T,(f; Xy, ..., Xp), f € F for
which the “optimal risk" §,(©; F) is attained?

@ Let F = Fs be a class of functionals of “smoothness" s > 0. Is
there a smoothness threshold s(©, n) such that, for all s > s(©; n),

6n(©; Fs) = O(n™")

and, in this case, is it possible to construct asymptotically efficient
estimators of f(§) with \/n convergence rate?
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A classical problem (going back to Ronald Fisher)

@ Xi,...,Xpiid. ~Py,0 c©,©cRyanopenset,d>1,n— o
{Py : 6 € ©} aregular statistical model with density py and
non-singular Fisher information matrix /(6),

0 0
I(0) := Eg 5 log po(X) @ 5 log po(X)

@ f: © — R a continuously differentiable function, f(¢) to be
estimated based oni.i.d. Xi,..., X, ~ Py
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A classical problem (going back to Ronald Fisher)

@ Maximum likelihood estimator (MLE) based on Xj,..., X, :

n
[ argmaxycg H Po(Xj)
j=1

@ f(f,) the plug-in estimator of (6)
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A classical problem (going back to Ronald Fisher)

@ Maximum likelihood estimator (MLE) based on Xj,..., X, :

n
[ argmaxycg H Po(Xj)
j=1

@ f(f,) the plug-in estimator of (6)
@ Uniformly in ©,

nEq(f(0n) — 1(8))? — of(8) := (1(6)"'F'(6), F'(6)),

Vn(f(n) — (8)) S N(0; 62(8)) as n — oo,

implying that 6,(©, {f}) = O(n~1).
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Local asymptotic minimaxity

f(Ap) is a locally asymptotically minimax estimator of f(0) in the sense
of the following bound due to Hajek and Le Cam:

lim liminfinf  sup  NEa(Tn(Xy,. .., Xn) — F(6))2 > o2(bp).

c—oo nN—oo Ty, “9—00“SC’7_1/2
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Estimation of functionals in a Gaussian white noise

model

@ Ibragimov, Nemirovski and Khasminskii (1987), Nemirovski (1990,
2000)

@ estimation of f(0) for functionals f of smoothness s, 6 being the
parameter of infinite-dimensional Gaussian white noise model:

dX(t) = 0(t)dt + n~2dw(t), t € [0,1],6 € © C Ly([0,1])
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Estimation of functionals in a Gaussian white noise

model

@ |bragimov, Nemirovski and Khasminskii (1987), Nemirovski (1990,

2000)
@ estimation of f(0) for functionals f of smoothness s, 6 being the
parameter of infinite-dimensional Gaussian white noise model:

dX(t) = 0(t)dt + n~2dw(t), t € [0,1],6 € © C Ly([0,1])

@ Kolmogorov widths: for some 5 > 0,

dn(©) := inf 0 — PO, Sm”
m(©) dim'('l)gmﬁgg“ 0L, S
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Estimation of functionals in a Gaussian white noise

model

@ Ibragimov, Nemirovski and Khasminskii (1987), Nemirovski (1990,
2000)

@ estimation of f(0) for functionals f of smoothness s, 6 being the
parameter of infinite-dimensional Gaussian white noise model:

dX(t) = 0(t)dt + n~2dw(t), t € [0,1],6 € © C Ly([0,1])

@ Kolmogorov widths: for some 5 > 0,

dn(©) := inf 0 — PO, Sm”
m(©) diml(rZ)gmzlngH 10|, <

@ the existence of a “smoothness threshold" s(5) such that the
efficient estimation with \/n-rate is possible when s > s(3) and is
impossible (for some functionals of smoothness s) otherwise.
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Holder smoothness

@ © C E, E is a Banach space
@ g: ©+— F, FisaBanach space

lg(x) —g(xX)|
= su x|, in(©) =  su = =/
19l (0) XEBHQ( s 19llLipe) X’XIGGI’DX#X, X |

lg(x) — g(xX)ll
i = Su —_— (S 0,1 .
HgHL pp(@) x,x’e@?x;ﬁx’ HX — X/Hp p ( ]
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Holder smoothness

@ © C E, E is a Banach space
@ g: ©+— F, FisaBanach space

lg(x) —g(xX)|
= su x|, in(©) =  su = =/
19l (0) XEBHQ( s 19llLipe) X’XIGGI’DX#X, X |

lg(x) — g(xX)ll
i = Su —_— c 0,1 .
HgHL pp(@) x,x’e@?x;ﬁx’ HX — X/”p p ( ]

@ g: © — R k times Fréchet differentiable for some k > 0
@ For s = k + p with p € (0, 1], define

I9llce(e) = max(l1gll. ) max 167 ip: 9%, ).
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Holder smoothness

o Note: Fréchet derivative gU)(x) is a j-linear form on E :
gV (X)[h1,..., k] is linear w.rt. its j variables hy, ..., hj € E

@ the norms of the derivatives are defined as the operator norms (of
multilinear forms):

1990 = sup gD, ..l
M I<1,. [ Al <1

@ C°(0):={g: 9~ R:|gllcs) < oo}
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Holder smoothness

o Note: Fréchet derivative gU)(x) is a j-linear form on E :
gV (X)[h1,..., k] is linear w.rt. its j variables hy, ..., hj € E

@ the norms of the derivatives are defined as the operator norms (of
multilinear forms):

lgV ()]l = sup |gP()[h.... h)l-
<t <1

@ C°(0):={g: 9~ R:|gllcs) < oo}
@ Taylor expansion: forge C%, s=k+p,k >1,p € (0,1]

C
gx+h =3 g(j)(x)[ﬁ’ ML 0 x, ),

k
where |53 (x, h)| < 119 L, 1]
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A local minimax lower bound (K& Li, 2024)

Let{Py: 6 € ©},0 c RY be a statistical model. Suppose that, for
somer >0andby € O,

r r
By (6o, %) = {9 10— bolle., < %} Co,

and, for some constant C > 0 and for all 6 € B,__ (6o,

),
o pO(X) 2 . 2
K(Psl|Po,) := Eg log Poo () < C7)|6 — 6o]|°.

Finally, suppose that r < % for a sufficiently small v > 0. Then, for all
s>0,

2
sup inf sup Eo(Ta(Xq,. .., Xn) — f(e))z 2 (L + (r2g>5> AT
||f||Cs§1 Th 965500(907ﬁ) n n
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Phase transition in convergence rates

Assume r <1 andleta € (0,1). Then

sup inf  sup  Eg(Ta(Xi,...,Xn) — £(6))?

Ifles<t Tn 9€Bes, (80, 25)

s —1 <npe g>_1_
(e (@) =T SEmSi
~\n \n n=s=a) d>n* s <1
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Another local minimax lower bound (K& Li, 2024)

@ dim(E) < o0, © C E an open subset

@ {P,: 0 c ©} aregular statistical model, py density of Py
o 2 logpy € E* the score function

@ /(0) : E — E* the Fisher information:

0 0
1(0) := Eo g log py(X) @ 20 log pa(X)

@ /(0) is invertible
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Another local minimax lower bound (K& Li, 2024)

dim(E) < oo, © C E an open subset

{Py : 6 € ©} aregular statistical model, py density of P
£ log py € E* the score function

1(0) : E — E* the Fisher information:

0
log py(X)

)
1(0) = Eg— -

20 log py(X) @

1(0) is invertible

For differentiable f : © — R, define o2(0) := (I(6)~"f'(0), f'(9))
For 6o € © and § > 0, let w;(6, §) := supgee jj9—a, <o [|1(0) — 1(00)]|
for f € C'(©), wy(by,0) = SUpgeo, [l9—a,) <o 1T (0) — F'(0o)]-
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Another local minimax lower bound

Letf € C'(©). Suppose that, for 6§y € © and § > 0, B(6y, ) C © and,
for all § € B(6y, ), there exists I(9)~'. Then, for some D > 2,

o MEo(Ta(X,. ., Xn) — £(0))?
" 0t)<s o2 (6)
Wi —1
> 1 — DJl(80)111(80) " (% +180) " o, 5) + 1Y,
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Local asymptotic minimaxity

If 11(60) | < 1, [11(60) "1l S 1, IF(B0)ll 2 1, wr (6o, 6) — 0 and
wi(fp,0) — 0 as § — 0, then

_ 2
im liminfinf  sup  eolUTn(X, o Xa) = HO)7

c—oo N—oo T, ‘|9—00H§0n71/2 O')?(Q) -
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Higher order bias reduction methods
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Higher order bias reduction in functional estimation

Example: the square of the norm, standard normal model.
@ Xi,...,Xpiid. ~ N(9,1y),0 € RY, £(0) := |||
o MLE: X, := Xttt
® ([ Xull? = (16112 +2(Xn — 6,6) + || Xn — 6|2
@ Bias: Ey||Xn[? — [|0]> = ¢
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Higher order bias reduction in functional estimation

Example: the square of the norm, standard normal model.
@ Xi,...,Xpiid. ~ N(9,1y),0 € RY, £(0) := ||0]|?
o MLE: X, := Xttt

® |1 Xall? = [16]1% +2(Xn — 0.0) + || Xn — 6]°
@ Bias: Eg|| Xa|2 — [|0]? = ¢
@ Bias reduction: T, := Tn(Xq, ..., Xn) := || Xnl2 — g
@ Mean squared error:
. 01> 3d
Fpey ~ I62 , 3d
o(Th — 110]17) n T2

If d < n, Eo(Th—||0]])2 =< n~'. Moreover,

o if d = o(n), then n'/2(T, — [|4]2) % N(O, |0]|?)
o if ¢ oo, then (T, — [6]2)—N(0,3).
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Higher order bias reduction in functional estimation

A review of the bias reduction methods: Jiao and Han, /EEE Trans.
Information Theory, 2020.

@ Taylor expansions based methods: given a “base estimator" § and
functional f € CS forsome s =k +p, k > 1, p € (0,1],

P R
f(a):Zf(f)(e)[e—e,...,e—e]+R::p(9)+R’

where p(#) is a polynomial of degree k and
RIS flles|f - 0)1°

Need to construct an estimator of p(#) with a small bias.
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Higher order bias reduction in functional estimation

Approximate solution of “ bias equation": given a “base estimator" 4
and a smooth functional f, find a functional g : © — R such that

Eog(f) ~ £(6),0 € ©.

More precisely, we want to find g such that the bias

A

Eqg(0) — £(0)

of estimator g(d) is small and g is “smooth enough” to have a decent
concentration of g(0) — Epg(6).
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Higher order bias reduction in functional estimation

Aggregation of pllﬂg—in estimators for different sample sizes: given a
“base estimator" 6, and a smooth functional f, find

1<n<no---<nk<nandCy,...,Ck such that the bias of estimator
k
Te(X1,..., Xn) =Y _ Cif (b))
j=1

is small. Note that f(énj) are often replaced by the corresponding
U-statistics yielding a “jackknife" estimator.
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lterative bias reduction and bootstrap chains
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Higher order bias reduction via iterative solution of

“bias equation”

® X, ... Xpiid. ~Py0c0 OCE
@ § € © an estimator of 9 based on Xj, ..., X»

© supyeo Balld — 0]| < /2
@ dis “dimension” (or “complexity") of ©
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Higher order bias reduction via iterative solution of

“bias equation”

® X, ... Xpiid. ~Py0c0 OCE

@ § € © an estimator of 9 based on Xj, ..., X»
© supyeo Balld — 0]| < /2

@ dis “dimension" (or “complexity") of ©

@ Problem: given a smooth functional f: © — R, find a functional
g : © — R such that

Egg(f) — £(9) = O(n~"/2).

@ We also want A A
9(0) — Eeg(0) = O=(n~"/?)
that would lead to \/n convergence rate.
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An iterative method (iterated bootstrap Hall and Martin

(1988))

A

@ The bias of plug-in estimator f(0) is
Eof(A) — £(0) =: (BF)(6).
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An iterative method (iterated bootstrap Hall and Martin

(1988))

A

@ The bias of plug-in estimator f(0) is
Eof(A) — £(0) =: (BF)(6).

@ The first order bias correction yields an estimator
f(0) — (Bf)(H).
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An iterative method (iterated bootstrap Hall and Martin

(1988))

A

@ The bias of plug-in estimator f(0) is
Eof(A) — £(0) =: (BF)(6).

@ The first order bias correction yields an estimator
f(0) — (Bf)(H).

@ The bias of estimator (Bf)(0) of (Bf)(0) is
Eq(Bf)(8) — (Bf)(0) = (B21)(6).
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An iterative method (iterated bootstrap Hall and Martin

(1988))

A

@ The bias of plug-in estimator f(0) is
Eof(A) — £(0) =: (BF)(6).

@ The first order bias correction yields an estimator
f(0) — (Bf)(H).

@ The bias of estimator (Bf)(0) of (Bf)(0) is
Eq(Bf)(8) — (Bf)(0) = (B21)(6).

@ The second order bias correction yields an estimator
f(0) - (BA)(0) + (B21)(0),

and so on.
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Operators 7 and B

(T9)(0) :=Eog(d /g P(6;dt),0 € ©,

where
P(g;A) =Py{0 € A},ACO
is a Markov kernel.

@ Want to find an approximate solution g of the integral equation
T g = f such that

(Tg)(6) = f(6) + O(n~"/2),0 € ©.
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Neumann series

@ Let B:=7T —Z. Informally, Tg = f implies (“Neumann series")
g=Z+B) f=(Z-B+8B2—..)f

@ Define
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Neumann series

@ Let B:=7T —Z. Informally, Tg = f implies (“Neumann series")
g=Z+B) f=(Z-B+8B2—..)f

@ Define

@ Then, the bias of estimator f,(0) is

Eofi(A) — £(0) = (—1)X(BK*'£)(0),6 € ©.

o If (BKt1£)(0) = 0,6 € ©, then f () is an unbiased estimator of
f(0).
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Equivariant estimators of location parameter

@ P a probability distribution in a Banach space E

@ Py(A)=P(A—-10),AC E, 0 ¢ E the location parameter
@ Xi,...Xpiid. ~ Py, 0 € E

e Xi=0+mn,j=1,....n, n,...,npiid. ~P
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Equivariant estimators of location parameter

@ P a probability distribution in a Banach space E

@ Py(A)=P(A—-10),AC E, 0 ¢ E the location parameter

@ Xi,...Xpiid. ~ Py, 0 € E

e Xi=0+mn,j=1,....n, n,...,npiid. ~P

° én(X1 ,...,Xp)an equivariAant estimator of location parameter 6 :
On(Xi+a,....,.Xn+a) =0n(Xy,....,Xn)+a,ac E

@ Random shift model

A

On(X1,.... Xn) =0+ 0n(m1,....m0) =0 +¢
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Equivariant estimators of location parameter

@ P a probability distribution in a Banach space E

@ Py(A)=P(A—-10),AC E, 0 ¢ E the location parameter
@ Xi,...Xpiid. ~ Py, 0 € E

e Xi=0+mn,j=1,....n, n,...,npiid. ~P

@ Op(Xy,...,X,) an equivariant estimator of location parameter 6 :

0n(X1 +a,,Xn+a) :én(X17,Xn)+a,a€ E
@ Random shift model

A

On(X1,.... Xn) =0+ 0n(m1,....m0) =0 +¢

@ WLOG: E¢ = 0 <= d, is an unbiased estimator

27/158
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A random shift model, polynomials

@ X=0+¢ 0€ E, §ameanzeror.y. in E, 9(X):X
o (TH(O) =Ef(6+¢&),0cE
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A random shift model, polynomials

@ X=0+¢ 0€ E, §ameanzeror.y. in E, 9(X):X
o (TH(O) =Ef(6+¢&),0cE
@ If fis a polynomial, then 7, Bf are also polynomials and

deg(Tf) = deg(f), deg(Bf) = deg(f) — 2.
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A random shift model, polynomials

@ X=0+¢ 0€ E, §ameanzeror.y. in E, 9(X):X
o (TH(O) =Ef(6+¢&),0cE
@ If fis a polynomial, then 7, Bf are also polynomials and

deg(Tf) = deg(f), deg(Bf) = deg(f) — 2.

e Indeed, if f(#) = M[6, ..., 0], where M[xi, ..., Xy] is an m-linear
form, then

f(O+¢&)=1f(0)+ M[0,....00+---+Mlb,...,0,¢+ R(9),

where deg(R) = m — 2.
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Example: a random shift model, polynomials

@ Let P, be the space of all bounded polynomials on E of degree
<m

@ Then T : Pm+ Pm, B: Pm+ Pm_o
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Example: a random shift model, polynomials

@ Let P, be the space of all bounded polynomials on E of degree
<m

@ ThenT : Pm+> Pm, B: Pm+— Pm_2
@ If k > m/2 then BXf = 0,f € Pp,y
@ Operator T : Pm +— Pn is invertible with

T—1 — Z (*1)kBk

0<k<m/2
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Example: a random shift model, polynomials

@ Let P, be the space of all bounded polynomials on E of degree
<m

@ ThenT : Pm+> Pm, B: Pm+— Pm_2
@ If k > m/2 then BXf = 0,f € Pp,y
@ Operator T : Pm +— Pn is invertible with

T—1 — Z (*1)kBk

0<k<m/2

o If k+ 1> m/2 then f,(X) is an unbiased estimator of f(0) for all
fePm
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A random shift model: tensoriazation

Let E=RY ¢ = (¢, ..., &) with independent components.
@ Tensorization: if

(91 ® - ®ga)(X1,--, Xa) = G1(X1) .- Ga(Xa), (X1, - - ., Xg) € R,

then
TG ® - ®094)=Tg @ - @TYq.
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Example: Gaussian shift model, polynomials

@ E=RY ¢ = (¢, .. ¢@)with independent components
¢V ~ N(0,07)

@ Assume that d = 1 and, for simplicity, that { = Z ~ N(0,1). If fis
a polynomial of degree m, then

m
Ef(/)
(THO)=Ef0+2) =) _
j=0
o Letd:= Z,0* = x — 0. Then, for y(dx) = \/LQ?e*XZ/ZdX,

(00, V) 15(7) = (£, V) 1,(9)

@ Therefore,
EfU(Z) = (0, 1) 1,0y) = (£, (0 V1) 1,07) = (F, H) o),

where H; := (0*)/1 are Hermite polynomials.
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Example: Gaussian shift model, Hermite polynomials

o Thus (TF)(0) = Y, iz,
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Example: Gaussian shift model, Hermite polynomials

o Thus (TF)(0) = Y, iz,
o Recall also that (Hy, Hj) () = ko and £ = oo L0
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Example: Gaussian shift model, Hermite polynomials

o Thus (TF)(0) = Y, iz,
o Recall also that (Hy, Hj) () = ko and £ = oo L0

@ Thus .
Z CjHj l) Z Cj@j
i i

and, for a polynomial f = 3 ¢/, the solution of the equation
Tg="fisg=T""f=3,qH,
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Example: Gaussian shift model, Hermite polynomials

o Thus (TF)(0) = Y, iz,
o Recall also that (Hy, Hj) () = ko and £ = oo L0

@ Thus .
Z CjHj l) Z Cj@j
) J
and, for a polynomial f = 3 ¢/, the solution of the equation

Tg="fisg=T""f=3,cH,
@ If deg(f) = m, then the unbiased estimator of f(0) is

(X)) =) gHi(X), k+1>m/2.
j
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Example: Gaussian shift model, Hermite polynomials

More generally, by tensorization, for d > 1 and for a polynomial

()= > crpo ity .. 0.0 =(61,....0q)
Ki,....kq

of degree m, the unbiased estimator of f() is

fk(X) = Z Ck1,..,,kd0'4(1 ...O'i(,f’lHk1 (X(1)> ...de (X(d)>,

e
k17"'7kd

k+1>m/2.
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Smooth functionals in random shift model:
representation of operators 7% and B*

@ Let&y,&,... beiid. copies of &. For all uniformly bounded
functionals f and k > 1,

k

(T*F)(8) = Ef(@ +>¢).0€E.

j=1

@ Suppose f € CK(E) for some k > 1. Then

k
(B 1)(0) = B9 (943 U ) er, - &, 0 € E,

j=1

Ui, ..., U ~ U[0,1] being i.i.d. independent of &1, . . ., &.
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o Define o(ti, ..., t) = f(9 +3 t,-g,-),(n .t € [0, 1],
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o Define o(ti, ..., t) = f(9 +3 t,-g,-),(n,...,tk) e [0, 1],
@ Forallj<kandforall (t,...,t) € {0,1}¥ with K . #; = j,

(T7F)(0) = Ep(ty, ..., t).
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o Define o(ti, ..., t) = f(9 +3 t,-g,-),(n,...,tk) e [0, 1],
@ Forallj<kandforall (t,...,t) € {0,1}¥ with K . #; = j,

(T7F)(0) = Ep(ty, ..., t).

k

(BE)(0) = (T -3 1)“( ) (TI)(0)

=0
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o Define o(ti, ..., t) = f(9 +3 t,-g,-),(n,...,tk) e [0, 1],
@ Forallj<kandforall (t,...,t) € {0,1}¥ with K . #; = j,

(T7F)(0) = Ep(ty, ..., t).

k

(BE)(0) = (T -3 1)“( ) (TI)(0)

=0

k
:Z(_-I)k*/]E Z o(t, ..., ).

=0 (t et €40, 136,30 ti=
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o Define o(ti, ..., t) = f(9 +3 t,-g,-),(n,...,tk) e [0, 1],
@ Forallj<kandforall (t,...,t) € {0,1}¥ with K . #; = j,

(T7F)(0) = Ep(ty, ..., t).

k

(BE)(0) = (T -3 1)“( ) (TI)(0)

=0

k
:Z(_-I)k*/]E Z o(t, ..., ).

/=0 (t,eost) €101 RS ti=j

—E Y (1R e(h, ).
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@ Denote
A(i)(p(t'la' B tk) = QO(t1,. B tk)‘ti:1 - @(th' ) tk)’t,'ZO'
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@ Denote
A(i)(p(t'la' B tk) = QO(t1,. B tk)‘tl.:1 - @(th' ) tk)’t,'ZO'

@ Then
k )
STt
(1, t)€{0,1}K
=20 AWe(t, . )

VT oRe(t, . )
_/0 /0 Y LR

Vladimir Koltchinskii (Georgia Tech) Estimation of Functionals INFORMS 2025 36/158



@ Denote
A(i)(p(t'la' B tk) = QO(t1,. B tk)‘tl.:1 - @(th' ) tk)’t,'ZO'

@ Then

LS
ST
(t1 7"'7tk)e{071}k
=20 AWe(t, . )

! Voko(ty,. .., t)
= [ ... 2200 Kagn | dh.
/0 /0 oty ..ot K
@ For f € CX(E),

oKo(ty,. .. t k
W:f(k’(9+21;-£,-)[f1,...,sk]-
j=1
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@ Therefore,

(B (0) = EAT) . AR

k
:E/01---/01 f(")(0+;t}-§j)[§1,...,gk]dﬁ...dtk.
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Random shift model: smoothness and bias reduction

T

lfs=k+1+p,k>0,pe(0,1] and suppose f € C°(E). Then

k
1Bl cen S Ifllos (ElE)
If, in addition E||&|| < 1, then

Illcro Sk [Ifllcs-

v

R

Lets=k+ 1+ p, p € (0,1] and suppose f € C5(E). Then

k
[Eafi(X) = f(O)] Ss IIfllcs (Ellel) Ellg) ™+

S
Ss Iflles (E2)¢)?)

\
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Back to equivariant estimator of location parameter

@ 0, equivariant estimator of location parameter ¢
o § = én - 9
@ IfE|f, — 0|2 < 4, then

~ n

[Eofi(9n) — (0)] s Hfucs(ﬂ)s.
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General model: bootstrap chain, K (2017, 2018)

@ Recall that f is an estimator of parameter 6 based on Xj, ..., X»

iid. ~ Py, c©CE
A /d
— < _

where d is the dimension (or other “complexity" parameter)
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General model: bootstrap chain, K (2017, 2018)

@ Recall that f is an estimator of parameter 6 based on Xj, ..., X»

iid. ~ Py, c©CE
A /d
— < _

where d is the dimension (or other “complexity" parameter)

o
(T9)(0) :=Eeg(d /g P(6; dt),0 € ©,

where P(0; A) := Py{d € A},AC ©.
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General model: bootstrap chain, K (2017, 2018)

@ Recall that f is an estimator of parameter 6 based on Xj, ..., X»

iid. ~ Py, c©CE
A /d
— < _

where d is the dimension (or other “complexity" parameter)

o
(T9)(0) :=Eeg(d /g P(6; dt),0 € ©,

where P(0; A) := Py{d € A},AC ©.
0 A0 =90 =§— 42 — . the Markov chain starting at
6 € © with transition probability kernel P(6; A),0 € ©,A C ©.
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Bootstrap chain

o (TKf)(h) = Epf(AM), k > 0.
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Bootstrap chain

o (TKf)(h) = Epf(AM), k > 0.

o
k K\
(B1)(8) = (T — T)FF(8) = S (1) ( j) (TI)0)
=0
k
, k N
=Eg Y (1)< (") (V)
"ZO: </>
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Bootstrap chain

o (TKf)(h) = Epf(AM), k > 0.

o
k K\
(B1)(8) = (T — T)FF(8) = S (1) ( j) (TI)0)
=0
k
KN\
=Eg Y (=) )F(OY).
"j; </>

@ Thus, (B¥f)(0) is the expectation of the k-th order difference of f
along the bootstrap chain
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Bootstrap chain

o (TKf)(h) = Epf(AM), k > 0.

o
k K\
(B1)(8) = (T — T)FF(8) = S (1) ( j) (TI)0)
=0
k
KN\
=Eg Y (=) )F(OY).
"j; </>

@ Thus, (B¥f)(0) is the expectation of the k-th order difference of f
along the bootstrap chain

@ Note also that
k

f(0) = Eq Z(—1)f<k N 1> £(O0).

pas j+1
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Bootstrap chain

@ Recall that for f € CX(R), (Anf)(x) := f(x + h) — f(x) and

k
(ARH(x) = (—1)f <’j‘> f(x + jh) = B (x)hX + o(H*) as h — 0.
j=0
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Bootstrap chain

@ Recall that for f € CX(R), (Anf)(x) := f(x + h) — f(x) and

k
(ARH(x) = (—1)f <’j‘> f(x + jh) = B (x)hX + o(H*) as h — 0.
j=0

@ Note that Ej, [|f*+1) — 40| < \/%.
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Bootstrap chain

@ Recall that for f € CX(R), (Anf)(x) := f(x + h) — f(x) and

k
(ARH(x) = (—1)f <’j‘> f(x + jh) = B (x)hX + o(H*) as h — 0.
j=0

@ Note that Ej, [|f*+1) — 40| < \/%.

@ Question. Suppose d < n. Is it true that, for f € C,

(BNO)] < (ﬁ)k?
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Random homotopies (K& Zhilova, 2021)

Definition
A stochastic process H(6;t),0 € ©,t € [0, 1] with values in © will be

called a random homotopy between ¢ and 4 iff
(i) H(#;0) =0,0 € ©

(i) HO; 1) L 0(Xq, ..., Xn), X, ..., Xpidd. ~ Py, 0 € O.

In addition, some smoothness assumptions on H(0;t),0 € ©,t € [0,1]
are needed.
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Examples of random homotopies

Example 1 (location model)
@ X=0+n60cE,n~Parv.in E, E alinear normed space
@ Xj=0+mn;,j=1,...,ni.id. copies of X
@ O =0(Xy,...,X,) an equivariant estimator of 6
° 9:9+§,where§::é(m,...,nn)
@ HO;t)=0+1t,0c E, te[0,1]
° ZHO:=0-0=¢
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Examples of random homotopies

Example 2 (normal model)
@ Xi,...,Xpiid. ~N(u,X),0=(u,L) e RI x .
° é: (ﬂai)nﬁ' = )_(72 = n1T12]n:1()(j_)_()®()(j_)_()
@ LetZy,...,Z,beiid. ~ N(O; Iy)

HO:t) = (1 = 1), D) + t(p+ X2z, 5125 751/%)
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Examples of random homotopies

Example 3 (Moser coupling)

@ S compact Riemannian manifold, P normalized Riemannian
volume

@ Xi,...,Xpiid. ~ Py,0 € ©, Py(dx) = pp(x)P(dx),© C Ea
convex set,

@ (x,0) — ps(x) smooth, pg bounded away from 0

@ Moser coupling: Let uy be a solution of Poisson equation:
Aug =1 — py and let

oy VU(X)
vo(t; X) ._1_t+tp0(x),xes,t€[0,1]

@ The vector field vy generates a flow T{(x) on the manifold. Let
9(x)=Ti(x),xe S
@ Then (Moser): Py = Po g,
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Examples of random homotopies (Moser coupling)

Example 3 (cont.)
o LetUi,....Uyiid. ~P
o (Xi,-. ., Xn) £ (90(Lh), .., 9o(Un))
0 0(X1,.... Xn) 2 0(go(Uh), . ... gs(Un))
o Let

H(6; 1) := (1 — )0 + th(ge(Us), ..., 9s(Un)),0 € ©,t € [0,1]
o H(O:H)Lh—0

@ A similar construction could be used when S is not compact and is
equipped with probability measure P(dx) = e~V dx.
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Random homotopies and representation of bootstrap

chain

@ F:0x[0,1]f = 0©,FR:0x[0,1]—06
@ FobeF:0x[0,1]" — 0,

(Fo e F1)(0,(t,5)) := Fo(F1(6; 1); 5), t € [0,1]%,s € [0,1]".
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Random homotopies and representation of bootstrap

chain

@ F:0x[0,1]f = 0©,FR:0x[0,1]—06
@ Foe F :@x[0,1]k+’r—>@,

(Fo e F1)(0,(t,5)) := Fo(F1(6; 1); 5), t € [0,1]%,s € [0,1]".

@ Let H be a random homotopy between 6 and 4 and Hs, ..., Hx be
its i.i.d. copies. Define

Gk .= Hke--- o H, :@x[0,1]k»—>@.

63(9; 4, b, t3) = H3(H2(H1 (9; t1); tg); t3).
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Random homotopies and representation of bootstrap
chain

(i) Let A := Gx(#;1,...,1),k > 1and fy = 0. Then
{0 k>0} 2 {f: k>0

(if) Moreover, for j < K,

k
6L GO tr,. . 1), (t,.. . t) € {0,113 b=

i=1
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Random homotopies and representation of operators

Tk Bk

Then

(T*F)(0) = Bof(81)) = BF(Gk(6:1,...,1))
andforall1 <j <k, (t,...,t%) € {0, 1}  with XK . t; =,

(T71)(0) = Eof(AV) = Ef(Gk(0: ty,- .., 1))

GO HG0: Ui, ..., Uy)
oty ... Ot

(BXF)(0) = , Ug, ..., Ugiid. U0,1].
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Proof of representation of BXf

k k
N (Y iy = Sk (K H0)
-Ezo( 1) ’<j>(T’f)(9) E (1) ’<j)Eaf(«9’)

k
:Z(_‘])k_j Z Ef(Gk(Q, t1,...,tk))

j=0 (1ot ) €010, ti=)
S Y (1S Ge(O: 1, -, 1))
(1, t)€{0,1}K
=EAM . AWKG(0; ti,. .., &))

OKF(Gk(6; ty, ..., 1))
—E/ / ot .. ok aty ... dt
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Francesco Faa di Bruno

&

@ Faa di Bruno’s Formula:

d” 2 gD(x)\ b
(Ky+---+kn)
e (000) = 3 T ) g x )] ( i ) ,
where the sum is over all (ki, ..., kn), k >0, 37, jkj = n.

@ Cavaliere Francesco Faa di Bruno, Sullo sviluppo delle Funzioni,
Annali di Scienze Matematiche e Fisiche 6 (1855) 479-480
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A representation formula for BXf

(B“F)(6) = > Eo-f(Gk(6; Us, ..., Ux)),0 € ©.

TETk
{ti, o, 13, 14} DA(Ga)
{46} {t3; ta} i
‘ ‘ DHy(Gs: ta) DHy(Gj: tg)
% {3} 2 @
D?H3(Go; 13) Hs(Go; t:
{1} {L} U o
{[\1} DH2(<‘31J2) Ho(Gri o)
Hy(0: t)

For this tree,

8-1(Gy) = D*F(G4)[DHy(Ga: 14)[D° H3(Gai 13)[DHa(Gr: 1) (1 (0: 1)), Ho(Gi s )], DHy(Ga: t)[Fa(Go: )]
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Bounds on operators B%

If functional f and random homotopy H are sufficiently smooth, such
representations of (8%f)(6) could be used to prove upper bounds

k
Ck1>

K
of the order O( (/2) ) provided that (with a high probability)
n

(B“)(0)] <

il <E< sup [|H( )l gr1 v1)k sup HEH(-;t)\
te[0,1] tefo.1)! At

<./

ck—-1 ™~V n

2 | ggH o)
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Bounds on the bias of f(f)

Moreover, the following bound on the bias of estimator f,(9) holds

[Eof(d) — 1(0)] Ss ufucs(ﬂ)s

and one can also study smoothness properties of functional f, that are
crucial in deriving concentration and normal approximation bounds for

fi ().
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Risk bounds in functional estimation via iterative

bias reduction method
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Loss functions and Orlicz norm

@ ¢ : Ry — R, be a convex nondecreasing loss function such that
¥(0) =0
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Loss functions and Orlicz norm

@ ¢ : R. — Ry be a convex nondecreasing loss function such that
¥(0) =0
o [nlly = Ille,ce == inf{c >0 m('%') < 1}
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Loss functions and Orlicz norm

@ ¢ : Ry — R, be a convex nondecreasing loss function such that
¥(0) =0
® [l = lInlle, e = inf{c > 0:Ew (1) < 1}
o Fory(u) :=uP,p =1, Inlly = [InllL,
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Loss functions and Orlicz norm

@ ¢ : Ry — R, be a convex nondecreasing loss function such that
¥(0) =0
® [l = lInlle, e = inf{c > 0:Ew (1) < 1}
o Fory(u) :=uP,p =1, Inlly = [InllL
@ Other choices: ¥(u) = 91 (u) := e¥ — 1 (subexponential loss) and

Y(u) = o(u) = e’ —1 (subgaussian loss). More generally,
Yo (U) :=e" —1,a>1
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Loss functions and Orlicz norm

@ ¢ : R. — Ry be a convex nondecreasing loss function such that
¥(0) =0
o [nlly = Ille,ce == inf{c >0 m('%') < 1}

o Fory(u):=uP,p>1,Inlly = lInll,

@ Other choices: ¥(u) = 91 (u) := e¥ — 1 (subexponential loss) and
Y(u) = o(u) = e’ —1 (subgaussian loss). More generally,
Yo (U) :=e" —1,a>1

o Note that

9ll, = supp™"In]lL, 0 > 1
p=>1

e The right-hand side could be used to define v,-norm for o < 1
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Loss functions and Orlicz norm

@ ¢ : R. — Ry be a convex nondecreasing loss function such that
¥(0) =0
o nlly == InllL,@) = inf{c >0 Edj('%') < 1}

o Fory(u):=uP,p>1,Inlly = lInll,

@ Other choices: ¥(u) = 91 (u) := e¥ — 1 (subexponential loss) and
Y(u) = o(u) = e’ —1 (subgaussian loss). More generally,
Yo (U) :=e" —1,a>1

o Note that

9ll, = supp™"In]lL, 0 > 1
p=>1

e The right-hand side could be used to define v,-norm for o < 1
@ Given two loss functions ¢ and ¢, we write ¥ < ¢ (¢ is dominated

by ) iff
Y(u) < crp(ceu),u>0

for some constants ¢y, ¢, > 0.
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Gaussian location model

e Xj=0+¢,j=1,...,n 0 c E, E is a separable Banach space
@ £,&4,...,&q1.0.d. mean zero Gaussian r.v. in E with covariance
operator ©
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Gaussian location model

e Xj=0+¢,j=1,...,n 0 c E, E is a separable Banach space
@ £,&4,...,&q1.0.d. mean zero Gaussian r.v. in E with covariance
operator ©

@ The level of noise could be characterized by its “weak variance"

sup E(€,u)? = sup (Tu,v)=]X]
lul|<1 lull,lv]|<d

and its “strong variance

EE[F=E sup (& )&, V)
lull,lIv]|<d

E[l€)2  Esupjyy,vi<1(& U V)
)= =
") IZ[ supyy,vi<1 E(€ u)(&, V)

the effective rank of X (could be “large")
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Gaussian location model: risk bounds (K& Zhilova

(2019))

We use iterative bias reduction (with k iterations) based on X, to
estimate () by fi(Xn), fi 1= 31 o(—1)Y BT,

Lets =k + 1+ p forsome p € (0,1] and suppose f € C°(E). Then, for
a/lzp < o,

; IZI2 |, (EV2jg)2y s
sup [1e(Xa) — (Ol ce0) S Ml ( (5= v (S5 -) ) A1)

In particular,

supEg(fk(Xn) - f(g))z S ”fHCS<<”>;H (%)j A 1)'

0cE
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Gaussian concentration

@ g: E — Rlocally Lipschitz
@ Local Lipschitz constant:

(Lg)(x) := inf su w
UX x4, x€U x1 %% X1 — Xel
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Gaussian concentration

@ g: E — Rlocally Lipschitz
@ Local Lipschitz constant:

(Lg)(x) := inf su w
UX x4, x€U x1 %% X1 — Xel

e ({~NO,X)inE
@ Forallp>1,

19(6) —Eg(©)lle, S IZIM2VPII(LG)(E)1,-
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Gaussian concentration

@ g: E — Rlocally Lipschitz
@ Local Lipschitz constant:

(Lg)(x) == inf l90x1) = 9(e)|

sup
USX xy €U x1#%0 ||X1 - X2l

e ({~NO,X)inE
@ Forallp>1,

19(6) —Eg(©)lle, S IZIM2VPII(LG)(E)1,-

@ For a Lipschitz function g, this implies

19() = Eg(&) 1w < llglluiplI =112,
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Gaussian location model: proof of risk bounds

@ Recall that
Ifellip < llfkllcr+e Sk IIfllcs

and

1[*31/2||£|!2>S

[Bf(X) = F(0)] s fllos (=
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Gaussian location model: proof of risk bounds

@ Recall that
Ifellip < llfkllcr+e Sk IIfllcs

and

1[*31/2||£|!2>S

[Bf(X) = F(0)] s fllos (=

e Note that &, = &+  N(0, n~'x). Thus, by Gaussian
concentration,

=)'/
N

1f(Xn) = Efic(Xn)llwp = [1c(0 + &n) — Efic(0 + &n)llwp Sk [Ifllcs
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Gaussian location model: phase transition in

convergence rates

@ If|X]| S 1,r(X) < n* forsome a € (0,1) and s > —, then

sup sup Eg(f(Xa) — 1(6))2 = O(n ).
Ifllcs<10€E

If 1]l = 1, r(X) 2 n*, then for s < ;—, the convergence rate is
slower than n=".
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Gaussian location model: phase transition in

convergence rates

@ If|X]| S 1,r(X) < n* forsome a € (0,1) and s > —, then

sup sup Eg(f(Xa) — 1(6))2 = O(n ).
Ifllcs<10€E

If 1]l = 1, r(X) 2 n*, then for s < ;—, the convergence rate is
slower than n=".
@ Inthe case E =R% ¢ =0Z,Z ~ N(0; Iy), |Z|| = o2, E||¢|? = 03d

o up oty 007 2 ((VELV/(EEEY) 1)

[fllgs<1 Tn |lo]|<1
- (ZV(E))
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Gaussian location model: normal approximation

Lets =k + 1+ p forsome p € (0,1] and suppose f € C3(E). Suppose
E||€|12 < n. Then

1fi(Xn) — £(8) — (Xn — 6, F'(0)) |1, o)

IZI2EV2)E2 | (EV2El2 s

Note that v/n(X, — 6, f(0)) = o¢(0)Z,Z ~ N(0,1), where

o7 (0) = (ZF(0), £(9)).
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Gaussian location model: normal approximation and

asymptotic efficiency

o If ||| <1, r(X) < n*forsome a € (0,1) and s > 71—, then

Wa s, (VA(h(Xn) — 1(6)), 0(8)Z) — 0
and
VAl i(Xs) = F(0) (e, — o1(6) = O

as n — oo, where Wop, is the Wasserstein distance.

@ The asymptotic efficiency of estimator f(X,) follows from a
nonasymptotic version of Hajek-Le Cam local minimax lower
bound.
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Proof of normal approximation

® Sy(x,h) = g(x+h)—g(x) - (h,g'(x))
@ Bound on local Lipschitz function of E 5 h— Sy(x, h) :if g’ is
Lipschitz,

(LSg(x,))(h) = 19'(x + h) = g O < 119" l[LipI
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Proof of normal approximation

® Sy(x,h) = g(x+h)—g(x) - (h,g'(x))
@ Bound on local Lipschitz function of E 5 h— Sy(x, h) :if g’ is
Lipschitz,

(LSg(x,))(h) = 19'(x + h) = g O < 119" l[LipI

@ Concentration bound for Sg(x, &) = g(x + &) — g(x) — (£,9'(x)) :

1Sg(x, &) = ESg(x, &)ll1, S 19 ILipl 12 vAIIlEN
SIS Ll 12 VPEIEN + 19 LipIE 12 VPl = EIEN L,
S G Ll I 2EEN VR + 19 Ll Z ] p-
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Proof of normal approximation

It remains to observe that

fe(Kn) — Eofe(Xn) — (KXo — 6, 7(0))
= ka(97 gn) Eka (9 5’7) < -0, f (0) - fl(0)>7

1/2
_ _ Y
14(6,E0) — ES (6,1, < Ifilusp } ol + 1y L
< 1o E 2 E e
Sl =75

=72 E/2] €] ?
vnoo/noo

(X = 0, 1(0) = F(O)) v, <s lIfllcs
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Functional estimation in log-concave location families

(K& Wahl 21)

@ P(dx) = e Y™adx, V:R? — R convex
@ Py(dx) := py(x)dx, pp(x) := e V=9 x ¢ RY 4 ¢ RY
X~ Py = X=0+( E~P,wlog. EE=0
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Functional estimation in log-concave location families

(K& Wahl 21)

P(dx) = e"Y®dx, V : R? — R convex

Py(dx) := pa(x)dx, pa(x) := e V=9 x ¢ RY 4 ¢ RY
X~Pp=X=0+&E6~P,wlog. EE=0

Let ¢ == E({ ® £). Assume that ||X¢| < 1
Xi,...,Xnii.d. copies of X
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Functional estimation in log-concave location families

(K& Wahl 21)

@ P(dx) = e Y™adx, V:R? — R convex

@ Py(dx) := py(x)dx, pp(x) := e V=9 x ¢ RY 4 ¢ RY
X~ Py = X=0+( E~P,wlog. EE=0

@ LetY, :=E({®¢&). Assume that ||X¢| < 1

@ Xi,...,Xpi.id. copies of X

@ Regularity Conditions:

@ Vs strictly convex and twice continuously differentiable
© for some constants M, L > 0, ||V, <M, |V"||up <L
© for some constant m > 0, Z = mly, where

T:=EV' (&)@ V() =EV')

is the Fisher information.
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Minimax Risk Bound

Suppose Regularity Conditions 1-3 hold. Then, for all s > 0,

5 1 d\ s
sup inf sup || T, — f(6@ = (—v el AT,
||chspS1 I 6'6]15"” 0= 1O)llz(en) <\/ﬁ ( > )

Vladimir Koltchinskii (Georgia Tech) Estimation of Functionals INFORMS 2025 68/158



Phase transition in convergence rate

@ If d < n* forsome o € (0,1) and s > —, then

sup inf sup || Tn — £(8) | Ly(e,) = N '/2.

Ifllgs<1 Tn oere

e If d < n® for some a € (0,1) and s < -, then

sup inf sup || Tp — ()] Lo (pg) = n(1=0)s/2 5, p=1/2,

[[fllcs <1 Tn HcRd
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Construction of functional estimator for a log-concave

location family

@ Let 6, be the maximum likelihood estimator:
n 1 n
Op = argmax,cpd HP@(Xj) = argmineeRdE 21: V(X; —0).
j= j=

@ 0, is used as a base estimator to define functionals f,(6)
@ f(f,) is used as an estimator of f(6).
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The main bound

Suppose Regularity Conditions 1-3 hold and d < vn, where

2
c( R f> with a small enough ¢ > 0. Let f € C® for some
s—k-|-1 +p,k>0,p € (0,1]. Then

sup
OcRd

Stanms Iflcs( @(%)p/ “+ (49))

c(V) is the Poincaré constant of dP = =" dx.

(@) — 1(6 —n—12 V(). T 0)|

L’d)z/s (PQ)
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Poincaré constant and KLS-conjecture

@ For a probability measure P in RY, the Poincaré constant ¢(P) is
defined as

c(P) = inf{C > 0 : Varp(g(€)) < CEp||Vg(é)||? : g locally Lipschitz}
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Poincaré constant and KLS-conjecture

@ For a probability measure P in RY, the Poincaré constant ¢(P) is
defined as

c(P) = inf{C > 0 : Varp(g(€)) < CEp||Vg(é)||? : g locally Lipschitz}

@ KLS-conjecture: for a log-concave distribution P,

c(P) < II=l
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Poincaré constant and KLS-conjecture

@ For a probability measure P in RY, the Poincaré constant ¢(P) is
defined as

c(P) = inf{C > 0 : Varp(g(€)) < CEp||Vg(é)||? : g locally Lipschitz}

@ KLS-conjecture: for a log-concave distribution P,

c(P) < II=l

@ It is known (Yuansi Chen, 2020) that, for a log-concave P and for
alle > 0,

c(P) S d[IZ]l
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Efficiency

Let o2(0) := (T~ F/(9), ().

5 or(0)
f(0) — (6 —
5 [Ie0) = FO)llae — “L |
C(V) p/2 d\s 1
< s V=) ) = /2
S liflle ( n (n) +( n) ) o(n )
provided that d < n® for some a € (0,1) and s > 1—. Moreover,

under the same assumptions,

sup_sup Waz, (V(i(B) — 1(0)), 01(6)Z) = O

Ifllcs <1 0eR?

as n — oo, where Z ~ N(0, 1) and W5 p, is the Wasserstein distance.
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@ One can also construct estimators f,(0,) based on 0, := X, rather
than the MLE. In this case, the upper bound

sup inf sup ||fi(Xn) = F(O)ll oEp) < 1V(\F)S)“
[flles<1 Tn 6eRd - v "

still holds even without the Regularity Conditions 1-3 (only under
the assumption that || X¢|| < 1).
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@ One can also construct estimators f,(0,) based on 0, := X, rather
than the MLE. In this case, the upper bound

sup inf sup ||fi(Xn) = F(O)ll oEp) < 1V(\F>S)“
[flles<1 Tn 6eRd - v "

still holds even without the Regularity Conditions 1-3 (only under
the assumption that || X¢|| < 1).

@ The asymptotic normality of estimator fx(X;,) also holds, but its
asymptotic variance (X¢f'(9), f'(6)) is sub-optimal under the
regularity assumptions (so, estimator fx(X;) is not asymptotically
efficient).
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@ Forirregular log-concave location families, faster rates of
estimation of 6 than \@ become possible.
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@ Forirregular log-concave location families, faster rates of
estimation of 6 than \@ become possible.

@ An interesting example is the case of i.i.d. points Xj,..., X,
uniformly distributed in @ + C, where C c R is a symmetric
compact convex body. In this case, MLE are the points of the set

N

&:=(C+X1)N--N(C+ Xn)

In particular, it includes Pitman’s estimator
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Main results for high-dimensional normal model (K

(2017, 2018), K& Zhilova (2021))

@ Xi,...,Xpiid. N(u,X)inRY (equipped with the Euclidean norm)
@ 6 := (i, X) unknown parameter
@ O :=RY x CY the parameter space
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Main results for high-dimensional normal model (K

(2017, 2018), K& Zhilova (2021))

@ Xi,...,Xpiid. N(u,X)inRY (equipped with the Euclidean norm)

@ 6 := (i, X) unknown parameter

@ O :=RY x CY the parameter space

@ 59 the space of symmetric d x d matrices (equipped with the
operator norm)

o [[(w, W)|| := [lw]| + | W], (w, W) € RY x &¢

@ C9 c 89 the cone of covariance matrices in R?
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Main results for high-dimensional normal model (K

(2017, 2018), K& Zhilova (2021))

@ Xi,...,Xpiid. N(u,X)inRY (equipped with the Euclidean norm)

@ 6 := (i, X) unknown parameter

@ O :=RY x CY the parameter space

@ 59 the space of symmetric d x d matrices (equipped with the
operator norm)

o [[(w, W)|| := [lw]| + | W], (w, W) € RY x &¢

@ C9 c 89 the cone of covariance matrices in R?

° :=(n%),

Xi+-+ X

) /d ada d

p=X=
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Risk Bounds

Let
o(a; d) := RY x {z ec? o(x)c1/a a]},a > 1,
o(X) being the spectrum of &

Suppose that f € C5(©) forsomes=k+1+p,k > 0,p € (0,1]. Then,
for all ) < 14,

) 1 d S
su fi. (6 f(o 5 fll ~s o \/7) ) ) 1].
ee@(g;d)H k( ) ( )H’-w(Pe) s,a || ||C {(\/_\/< Z
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Risk Bounds

Let
o(ad):=RIx {Tect:o(x)c1/ad} a1,

o(X) being the spectrum of &

Suppose that f € C5(©) forsomes=k+1+p,k > 0,p € (0,1]. Then,
for all ) < 14,

) 1 d S
su fi. (6 f(o 5 fll ~s o \/7) ) ) 1].
oe@(g;d)H k( ) ( )H’-w(Pe) s,a || ||C {(\/_\/< Z

Random homotopy used in the proof: given i.i.d. Zy,...,Z, ~ N(O; Iy),

v

HO: 1) = (1 = t)(1, T) + t(p + =201z, 5125 751/2),0 = (1, X) € ©.
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Risk Bounds

The following minimax bound holds:

1 d\$
wwp inf sup T F0)ley Zas ( (75 (\ﬁ) )at).
””‘CSS‘I T Gee(a,d)H ( )“L2(]P>9) a.s \/ﬁ\/ n

where the infimum is taken over all estimators T = T(Xj,..., Xp)
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Phase transition in convergence rates

@ Ifd=d, <n*forsomeac(0,1)and s > ﬁ,then

sup |[f(B) — F(0)l|L,(z,) = O(n~"/2).
9co(ad)

@ Ford=d,>n“ ac(0,1)and s < ﬁ, there are functionals f
with ||f||cs < 1 that could not be estimated with a rate better than
n—s(1=a)/2 which is slower than n=1/2.
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Efficiency

Let

o?(0) == | =28 (1, 2) |2 + 2| T2 (1, T)E/2)3,0 = (1, %) € ©.

Suppose d = d, < n* for some o € (0,1). Then, for all
s=k+14+p>1-,k>0,pe(0,1],

sup  sup ‘nIEg(fk(QA) — £(6)) - a?(@)) -0, n— o
1]l s <1 0€O(aidh)

and, for all o9 > 0 and for Z ~ N(0, 1),

w»  an o (ﬁ(fkw) —10))

[fllcs<10€6(a:dn),o1(0)=00
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Functional estimation via linear aggregation of

plug-in estimators
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Bias reduction via linear aggregation of plug-in

estimators (Jiao and Han (2021))

Given a “base estimator" d,, and a smooth functional f, choose sample
sizes1 < ny < no--- < ng < nand coefficients Cy, ..., Cx such that
the biases of plug-in estimators f(é,,j),j =1,..., k almost cancel out
and the bias of estimator

k
Tf(X17’ o 7Xn) = Z ij(én/)
j=1

is small. Note that f(énj) are often replaced by the corresponding
U-statistics yielding a “jackknife" estimator.
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Bias reduction via linear aggregation of plug-in

estimators

@ Y ~ Par.v. in aBanach space E with unknown mean EY
e f:E—R
@ Goal: estimate f(EY) based on i.i.d. observations Yy,..., Y,of Y
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An expansion of the bias of plug-in estimator

Let k > 2,p € (0, 1] and suppose that f is k times Fréchet differentiable
with %) € Lip (E). Suppose also that E|| Y[|**# < co. Then

k—1
Ef(Y,) — F(EY) = Zﬁ’kpf (1)

1=1

where 3 x(P,f),I =1,..., k do not depend on n and

1Al S 11£9ILip, ENl Yo — EY/|*.

Moreover, if f is a polynomial of degree k, then (1) holds with R = 0.

v
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Bias reduction via linear aggregation of plug-in

estimators

@ Letk>2andletn/c<n <---<ng<nforsomec>1.

o Let
A k —
Tf,k()/h' E) Yn) = Z C]f(Ynj)7
j=1
where Cy, ..., Cy satisfy
°o Y1, Ci=1

° Zl’-‘=1%,{‘:0,l:1,...,k—1.
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Bias reduction via linear aggregation of plug-in

estimators (Jiao and Han (2021))

It is easy to check that

Suppose that Z;; |Ci| <k 1. \

Clearly, for this assumption to hold, one needs n;1 — n; < n (for
instance, n; = g*~/n, q € (0,1)).
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Bounding the bias

Proposition

Let k > 2 and let f be k times Fréchet differentiable with /%) € Lip (E)
for some p € (0,1]. Then

ETik(Ya,.--, Yn) = HEY)| Sk 1F9]ILip, IS E|| Yy, —EY|*.
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Bounding the bias: proof

It follows from the expansion that

k
ETk(Yes.... Ya) = HEY) = 3 GEA(YV) — (EY))
/1

- . k
= Z 5/,k(P)Z Sf + Z CiRn = Z CiRn,
I=1 j=1"7 j=t j=1

=0

and

Efr k(1. Yo) = f(EY)| < Z]C,\|Rn]|<k max. | Ry
j=1

k v k
St 179y, max E| Vo~ EY[*7.
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Bias and concentration

@ Note also that

I Tek(Yaoeoo, Yo) = ETr(Ya, ... Ya)lli,
k
< Z Gl f(Yn) — EF(Yn)llL,

< max (1Y) ~EA(Vn)l

Vladimir Koltchinskii (Georgia Tech) Estimation of Functionals INFORMS 2025 89/158



Bias and concentration

@ Note also that

I Tek(Yaoeoo, Yo) = ETr(Ya, ... Ya)lli,
k
< Z Gl f(Yn) — EF(Yn)llL,

< max (1Y) ~EA(Vn)l

@ Conclusion: To bound
|| 7\-f,k(YI PR Yn) - f(]EY)HLpa
it is enough to bound

El| Yy — EY|¥ and [|f(Vn) — EF(Yn)|1,-
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Symmetrized estimators (jackknife)

@ Fym the o-algebra generated by symmetric functions of Yj,..., Yy
°

’7‘-;7}If(m(y1’“‘,yn) — E(?'fk()q,..., Yn)|]:sym)

where, for h(Yy,..., Ym),m<n,
(Unh)(Y1,..., Yn) :=E(h(Y1,..., Ym)|Fsym)
1
=m S (YY)
m

1< <-<jm<n
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Symmetrized estimators (jackknife)

Note that
° E?fsfll(m(yﬁ'”? Yn) = E?f,k()q,..., Yn)
e forallp>1,

175 (Yt Vo) =BT (Yo Yol

<N Tra(Ya, oo, Vo) = ETe(Yeo oo Vo),

Sk max [11(Vn) = EA(Vy).
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Symmetrized estimators (jackknife)

Moreover, let
St(x, h) := f(x + h) — f(x) — (h,f'(x)),x,h e E

be the remainder of the first order Taylor expansion.

Forallp>1,

|

T (Yiseo, Ya) —ET(V4, ..., Vo) = (Ya —EY, F(EY))

Lp

<k QjagkaSf(E Y, Yo —EY)—ES(EY, Y, —EY)

Lp
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Symmetrized estimators (proof)

Note that

Tek(Yiyoo s Yo) —ETrk(Ya,..., Yn)
k k
_Zc, —Ef(Yn)) =D _ Ci(Yn —EY,F(EY))
j=1
+ Z Ci(SHEY; Yp, —EY) —ESHEY; ¥y, — EY))
j=1

and, since ]E(anlfsym) =Yy,

k
(Z Ci(Yn —EY, f’(EY)>|J—'5ym> — (Y, —EY,f(EY)).
j=1
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Symmetrized estimators (proof)

It follows that
ﬂm(w,... , Yn) — Em‘"(Yu-.- ,Yn) = (Ya—EY,f(EY)) =
=> CE(S{(EY; Yy, —EY) —ES/(EY; Yy, — EY))| Fiym),
=1

implying the claim. O
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Reduction to concentration bounds

Thus, the problem reduces to:
@ Bounds on

E[ Yo —EY|**7;
@ Bounds on
||f(yn) —Ef(yn)”Lp;
@ Bounds on

Hsf(EY, Y, —EY) —ES(EY, Y, —EY)

Lp
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Estimation of Holder smooth functionals of

covariance via linear aggregation of plug-in
estimators
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Covariance operators in Banach spaces

@ X ar.v. in a separable Banach space E with the dual space E*
E(X,u)? < oo,u € E*
Y : E* — E is the covariance operator of X :

Yu=EX, u)X,uec E*
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Covariance operators in Banach spaces

@ X ar.v. in a separable Banach space E with the dual space E*
E(X,u)? < oo,u € E*
Y : E* — E is the covariance operator of X :

Yu=EX, u)X,uec E*

@ In other words,
(Zu, vy =E(X, u)(X,v) =cov((X,u),(X,v)),u,v e E*
Y =E(X®X)
Y is a symmetric positively semidefinite operator
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Covariance operators in Banach spaces

@ X ar.v. in a separable Banach space E with the dual space E*
E(X,u)? < oo,u € E*
Y : E* — E is the covariance operator of X :

Yu=EX, u)X,uec E*

@ In other words,
(Zu, vy =E(X, u)(X,v) =cov((X,u),(X,v)),u,v e E*
Y =E(X®X)
Y is a symmetric positively semidefinite operator

@ X a centered Gaussian r.v. in E iff Yu € E* (X, u) is a normal r.v.
Distribution of X is characterized by its covariance operator X :
X ~ N(0,X)
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Holder smooth functionals of covariance

@ Let L(E*, E) be the space of symmetric bounded linear operators
A: E* — E equipped with the operator norm:

IAll ;= sup [[Aufl =~ sup [(Au, V)|
lufl<t V<1

@ Goal: estimate f(X) for a functional f : L(E*, E) — R of H6lder
smoothness s > 0 based on i.i.d. observations
Xiy..., Xn~ N(0,X).
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Example of Holder smoothness: functions of operators

@ £E=FE*=H, His a Hilbert space
Lsa(H) is the space of self-adjoint operators in H equipped with
the operator norm
g :R— Rinduces Ls3(H) 5 A~ g(A) € Lsa(H)

@ for a compact operator A,

A= ) AP=g(A) = > gP

Aea(A) Ao (A)
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Example of Holder smoothness: functions of operators

@ £E=FE*=H, His a Hilbert space
Lsa(H) is the space of self-adjoint operators in H equipped with

the operator norm

@ for a compact operator A,

A= ) AP=g(A) = > gP

Aea(A) Ao (A)

e K (2017):
19Ol cs(zaatrny) Ss 19llss (v
Then, for f(A) := tr(g(A)B), A € Ls5(H) and ||B||1 < oo

1l cs(aateny) Ss 19lBs_ ) lIBll4

INFORMS 2025 99/158
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Example of Hélder smoothness: spectral projections

@ Y, : H — H a covariance operator with eigenvalues
IZoll=AM=-=XN>XNx1> ...
g1 := A\ — A1 the spectral gap
U=B(Xp;0) :={A:||[A—Xo| <4}, < g/8.
P(A) the orthogonal projection onto the linear span of
eigenvectors corresponding to the top / eigenvalues of A
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Example of Hélder smoothness: spectral projections

@ Y, : H — H a covariance operator with eigenvalues
IZoll=AM=-=XN>XNx1> ...
g1 := A\ — A1 the spectral gap
U=B(Xp;0) :={A:||[A—Xo| <4}, < g/8.
P(A) the orthogonal projection onto the linear span of
eigenvectors corresponding to the top / eigenvalues of A

@ The function U > A— P(A) is C* and
IPY ) Skgr k>0
For f(A) := (P(A), B),

1wy Sk 1Bllig ™, k >0
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Sample covariance

@ Xi,...,Xpi.id. copies of X ~ N(0,X)
@ 3,: E* — E is the sample covariance operator based on

X1 yee ey Xn
n
Sou=n""Y (X, u)X,ucE
j=1
@ In other words,
n
Er=n'dy XX

j=1
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Dimension dependent bounds on sample covariance

@ Let E:=RY. Then

N d d
E|$, - %)l S Hzn(\ﬁv -).

@ Moreover, for all t > 0 with probability at least 1 — e,

- d d t ot
Hzn—zuamu(\ﬁvnv\fnvn),

which implies that for all p > 1

A d d.,/p., P
BYe1, - 5P < el (yf 2y Lv By B)
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Effective rank of covariance operator

@ The effective rank of X : for X ~ N(0, X),

E|X|?
"=

_ Esupjy) <t (X )X, v)
sup|jy|l,vii<t E(X, u){(X, v)

>1
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Effective rank of covariance operator

@ The effective rank of X : for X ~ N(0, X),

E|X|?
"=

_ Esupjy) <t (X )X, v)
sup|jy|l,vii<t E(X, u){(X, v)

>1

@ r(A\X)=r(X),A>0
@ r(X) <rank(X) < dim(E)
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Effective rank of covariance operator

@ The effective rank of X : for X ~ N(0, X),

__E|IX|?
&)=
_ Esupjy) <t (X )X, v)
supjy|,vii<1 B(X, u){(X, v)

>1

@ r(A\X)=r(X),A>0
@ r(X) <rank(X) < dim(E)

@ If E =H is a Hilbert space, then r(X) = %

@ If E = RY with the Euclidean norm and ¢(X) c [a~', &] for some
a > 1 (“almost isotropic covariance"), then r(¥) =< d.
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Gaussian Version of Dvoretzky’s Theorem and
Effective Rank

Theorem (Pisier (1986, 1989))

For all = € (0,1), there exists n(c) > 0 with the following property. If, in
a Banach space E, there exists X ~ N(0,%X) withr(X) = r, then E
contains a subspace F of dimension m ~ n(e)r which is

(1 & e)-isomorphic to (3.

Pisier (1989) called r(X) “the dimension of X", or “the concentration
dimension" of X.
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Bounds on sample covariance via effective rank

Theorem (K& Lounici (2014))
Let X ~ N(0,X) in E and let Xy,

E)$, - =)= =i (y "2 v 1B,

and, for all t > 1 with probability > 1 — e 1,

n

a A r(x t t
12— 21— EIE0 21| < 1m0 (y =L v 1)y L v g

..., Xn be i.i.d. copies of X. Then
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Bounds on sample covariance via effective rank

Theorem (K& Lounici (2014))
Let X ~ N(0,X) in E and let Xy, ..., X, be i.i.d. copies of X. Then

E[1$, - ) = 1z (1 22 v B,

n n

and, for all t > 1 with probability > 1 — e 1,

a A r(x t t
12— 21— EIE0 21| < 1m0 (y =L v 1)y L v g

n

@ Earlier results: in the case E = RY with the Euclidean norm,
bounds with log d-factors based on non-commutative Khintchine

inequalities by Lust-Piquard and Pisier (Vershynin, around
2011-2012).
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Bounds on sample covariance: Schatten p-norms

@ E = H a Hilbert space, A : H — H is a compact self-adjoint
operator

o Al = VA

e for p > 1, ||Allp := (te(|AIP))"/P and Sp := {A: ||Al|p < oo}
e if dim(H) = d < oo, then || A, < d'/P| A

@ Therefore,

& d d
5P, - 15 5 110 (yf 2 v Ly By B),
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Bounds on sample covariance: Schatten p-norms

Suppose that r(X) < n. Then, for all p > 2,

E'P|E, - £|5
< HZHr(Z)UP(\/I‘(Z)P p\/log n) (1 Y (5)1/4—1/2,3\/ <%)1/2—1/p>
Sp IZIRE)? \/7 \/@
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Functionals of covariance, K (2022)

@ Fora>0,UcC L(E*,E)ands=k+p, k > 0,p € (0,1], define
the weighted Hélder norm of f as

_ K
1fllcsa) = 0m3<><ka’\|f/)HLoo(U) v &Ly ()

@ f(X),X € Uto be estimated based on i.i.d. Xi,..., X, ~ N(0,X)
@ Fora>0andr>1,

S(a,r)={X: ||| <arX)<r}

@ Find the size of
Tn,f(Xh- . 'aXn) - f(z)

sup inf  sup ‘

Ifllgs.a<1 Tnf xeS(a,r)nU Lo(Py)

@ Is it possible to construct an estimator with /n-rate?
Asymptotically normal estimator? Asymptotically efficient
estimator?
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@ Lletk>2andletn/c<n <---<ng<nforsomec>1and
Nit1— N =g n,j=1,... k. Denote
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@ Lletk>2andletn/c<n <---<ng<nforsomec>1and
Nit1— N =g n,j=1,... k. Denote

@ Linear aggregation

Tfyk(X‘| N ?-f,k(X‘] QR Xqy..., Xn® Xp) = Z ij(inj)
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@ Lletk>2andletn/c<n <---<ng<nforsomec>1and
Nit1— N =g n,j=1,... k. Denote

@ Linear aggregation
Tfyk(X‘| N ?-f,k(X‘] QR Xqy..., Xn® Xp) = Z ij(inj)
j=1

@ Symmetrized (jackknife) estimator
Sym(X‘],. ..,Xn) — Tsym(X‘] ®X1,,Xn®Xn)

k
=E(Trs(X1 @ X1, ..., Xn ® X0)| Faym) = Y _ GiUnf(r)).
j=1
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A global risk bound

Let f: L(E*, E) — R be Lipschits and, for some k > 2, let it be k times
Fréchet differentiable with [|()[|;, < oo for some p € (0,1]. Let
S:=Kk+p.

Theorem
Forallp > 1,

H Tre(Xi, ..., Xn) — F(X)

Lp

S oy 521V )7 10 P (5 )

The same bound holds for estimator Tsym(X1 yeeoy Xn)-

110/158
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Phase transition in the error rates

Suppose that || f||Lip < 1, Hf(k)HLipp <1, |Z)| £1andr(X) < n Then

1 FX)\$
_ < R 7
Tk, X0) = (), S 7+ (1 77)
g % if (X) <n® ae(0,1)and s >
ns(i=e)/2 % if r(Z) < n* ae(0,1)and s < .
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A local risk bound

Let f: L(E*, E) — R be Lipschitz and k times Fréchet differentiable in
an open ball U = B(Z, 6) of radius ¢ > 0 with || !9, (1) < oo for
some k >2andp e (0,1]. Let s := k+ p.

Suppose that r(X) < n and, for a sufficiently large C > 0,
Cl=|\/"EL < 5. Then, forallp > 1,

| Te (Xt ooy Xn) = F(D)]IL,

X r)\°
S Il + 19 i, 1P (1 22

2
+ oo 102 exp{—on( 1 1 757)}

with some constant ¢ > 0.
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Normal approximation and efficiency

Suppose thatr(X) < n. Letf: L(E*, E) — R be k times Fréchet
differentiable for some k > 2 with [|f'|| ¢ < oo and with ||f) i, < oo
for some p € (0,1]. Let s := k + p. Then

|06 X0 = 1(2) — (£ 2.1 (E)

|2 rx))\°
S 1l R T i, e ()
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Normal approximation and efficiency

Let 02(5) := Var((X ® X, f(X))).
o

]\fHTSY"“ Xioo Xa) = HE)]| —a,(z)‘

Ss [If e uzu"‘\/ﬁ + 1 uip, IV ( (f))~
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Normal approximation and efficiency

Let 02(5) := Var((X ® X, f(X))).

o
VA T O Xa) = (D) |, = ()
S 171y S e, imieva(y )
o
N Hf'r(rjfél)zuz ), Hﬂ“ﬂ;&p)uzus (DY
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Normal approximation and efficiency

In particular, if r(X) < n® for some o € (0,1) and s = k+p > -, then

fHTsym(X“ -y Xn) — f(Z)HL

2 51
or(X)

and

V(T (X, Xn) — £(T))
or(X)

%4 N(0,1).
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Example: an application to spectral projections

@ Y, : H— H a covariance operator with eigenvalues
IZoll=AM=--=XN>Ngg > ...
g1 := A1 — 11 the spectral gap
U=B(Xp;0):={A: |A-%| < },6<9/8
P(A) the orthogonal projection onto the linear span of
eigenvectors corresponding to the top / eigenvalues of A
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Example: an application to spectral projections

@ Y, : H— H a covariance operator with eigenvalues
HZ()H =)\ :---:)\/>)\/+1 > ...
g1 := A1 — 11 the spectral gap
U=B(Xp;0):={A: |A-%| < },6<9/8
P(A) the orthogonal projection onto the linear span of
eigenvectors corresponding to the top / eigenvalues of A
o f(A) := (P(A),B),Ac U, |B|i < x
fe C>*U)
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Example: an application to spectral projections

Corollary

Let~ := ”z"” and suppose that ny\/% <1 forsome r > 1 and some
constant C > 0. Then, for allk > 1 and for allp > 1,

sup
IE—%o(|<6, r(X)<r

Tf,k(X1 pooe 7Xn) - f(Z)

Lp

r

Seo 181 (= + (/7))

K.& Lounici (2016), K, Léffler and Nickl (2019): efficient estimators of
linear functionals of principal components when r(X) = o(n) and the
top eigenvalue of X is simple (i.e., P(X) is a one-dimensional spectral
projection).
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Proof ingredients: bounds on the bias

@ Fors=k+p, k>2pe(0,1],

B Tra(Xi, - Xn) = F(E)| Sk 1F|uip, B0 — Z)°.
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Proof ingredients: bounds on the bias

@ Fors=k+p, k>2pe(0,1],

B Tra(Xi, - Xn) = F(E)| Sk 1F|uip, B0 — Z)°.

@ Since

. HE)  KE)\s
ElEn - TI° Ss T/ =2 v =)

it follows that

r(x r(X)\s
Bx TrscXe, .. Xa) = (D)) S 178 [0/ T2 v FED)°,
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Proof ingredients: concentration bound for f(%,,)

Proposition
For a Lipschitz functional f : L(E*, E) — R and for all p > 1,

I1(En) ~ EAEDI, < Mol (52 v 1) 2+ ).
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Proof of concentration bound for f(fn)

@ E":=Ex---xE:={x" =(xq,...,X%) : X4,..., X € E}
o | x| = (|pal® +-- - + [|xa[?)1/2, x(") € EP
@ (EM*=(E*)"=E*x---x E*
o XM =(Xq,...,X,) ~ N(0,£(), where
n
<Z(n)u(n)7 V(n)> — Z<Zu/’ V/>’ u(n)’ V(n) c (E*)n
j=1
o =) =z
o in = in(X(n))
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Proof of concentration bound for f(fn)

@ Bounds on local Lipschitz constants
& & 1/2
° (LZS)(X(”)) < %
o (L|IZal|"2) (XM < L
& Lip $1|1/2
o (LA(X,))(XM) < W
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Proof of concentration bound for f(fn)

@ Bounds on local Lipschitz constants
A & 11/2
o (LE)(X™) < ATIE
o (Llxal"Z)(XM) < o
A L An 1/2
o (LA(S,))(X™) < Elflel 2l =
@ Gaussian concentration

1£(2n) = EA(En)lle, S IEIM2VRILAE)) X)L,
S ||f||Lip||Z||1/2\/Ellllan‘/zHLp S ||fHLip||Z||‘/2\ﬁEllfnll”Z

p ~ ~
12 PSR 2 ~ B 21,
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Proof of concentration bound for f(fn)

It remains to use the bounds

E|£al|"? < B3| L)l < |EIIV2 + EVZ|E, - X,

- HX) rX)
_ < A S A S
E|IE, - %) S IZII(y/ =2 v =)
and
HI=al"2 = EIZa] "1, < IZI1V2 %
to complete the proof. O
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Proof ingredients: concentration bound for the

remainder of Taylor expansion

Recall that

SHZ, 50— X) = f(Xn) — f(Z) — (£n— X, F(X)).

Proposition

Let f € Lip,(L(E*, E)) for some p € (0, 1]. Suppose r(X) < n. Then,
forallp>1,

Hsf(z, $h— %) - ESH(Z, 5, ¥) )

P

5||f/||Lipp||z||1+p< B( @)ﬂ+(g)(1+p)/2+(g>1+p).

n n n n
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Upper bound on the Ly-risk in Holder classes of

functionals

Recall that ||f[|cs.(u) = maxo<j<k &1 Lo wy V @119 ILip, (v)-

Leta>0,r > 1 and Xy € S(a,r). Suppose, for a sufficiently large
C >0, Cay/t < 4. Let U= B(¥o,20) = {¥ : | X — %o < 26} and let
S:=k+p,k>0,p€e (0,1]. Then, forallp > 1,

sup sup H Tek(X1, .., Xn) — £(X)
Ifllcs.aquy <1 Z€S(a,r),||[=—ol|<d

Sop % Vi (\/?)s

The same bound also holds for estimator szkm(X1 oo Xn).

Lp(Px)
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Lower bounds
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A local minimax lower bound

@ E = H s a separable Hilbert space.

@ Y, is a spiked covariance of rank d <= o(Xo) = {\, i, 0} with
A > > 0, A of multiplicity 1,  of multiplicity d — 1.

Let¥y € S(a, r) be a spiked covariance of rank [r] with

A =718, 4= 728,0 < 72 < 1. Denote k 1= y2 A (v1 —72) A (1 — 1)
and suppose that ¢ a\/% < § < coka N1 for a sufficiently large c4
and sufficiently small c;. Let U := B(¥%y,29) and let s > 0. Then

sup inf sup H Te(Xq,..., Xn) — f(X)
Ifllgs.ay<1 T £eS(ar),||T—olI<s

1 rys
=s:71,72 ﬁ\/( E) -

Ly(Ps)
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The lower bound: a sketch of the proof

@ Yo=ANuou)+uP.—u®u)
LCH,dim(L)=d:=[r],uec L|u|| =1
(L could be identified with RY)

@ 0(X), X € U the eigenvector corresponding to the top eigenvalue
of X, ((X),u) >0, UL — 0(X)is C*

@ We will construct certain least favorable functionals

f(X) = he(0(X)), T € U,k =1,....d,

where hk H— R, ”hk”CS SJ 1
@ For these functionals, ||/f||¢s.a(uy < 1 and we will show that

max inf sup HTK Xi,..., X —kaH
1<k<d Tk seS(a,r),|T—ol<6 ( ) =)

r\s
23771772 (\/;) :

Ly(Ps)
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Well separated subsets

@ 3B {—1,1}9: card(B) > €, |(u,w)| < 2 and
d d
h(w,w") :—jz;l(wjiwjl-)z4,w,w’€B,w7éw’.

) Letax\@

© 0. ={0,:weB}, 0= o=t +V1-BuweB

h(w, ') < ||0 — O || < %«/h(w,w’),w,w’e B,

9
2v/d
implying that

<0, — O] <8e,w,w' € Byw # '

Ao
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Well separated subsets

o Zg :)\(0®0)+M(PL_9®9)70€L7 ”9H:1
@ Then

|Zo, — Xo|| < 0,we B
@ Moreover, for all w,w’ € B,
K(N(0,%0,)*"|IN(0,%¢_,)®") < ne? < logcard(B),
implying that for Xi,..., Xpi.i.d. ~ N(0,%y ),w € B

inf maxEs, [|6 — 0,]> > <2
§ weB ©
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Nemirovski’s bump functionals

¢ : R [0,1], pis C>, supp(p) € [-1,1], ¢(0) > 0
o(u) == p(||ul?),uc H

hi(6) = Zwkg%(é'_e“),k: 1,....d,

ce
¢ > 0 small enough
Note that “bump functions” ¢<";gw ) ,w € B have disjoint supports
and ||hk||Cs S 1.

hk(0,) = wkep(0),k =1,...,d,w e B
The values hy(6,,),k =1,...,d provide a “coding" for 6,,
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Back to least favorable functionals

o fi(X) = h(O(X)), T e Uk =1,....,d
4 fk(z.gw) :wkssgo(O),k =1,....,d,weB

@ Define
d
2 /
ww) dkgfk(ze —fk 29 )) , W, w € B.
@ Then
2(w W) = 25h(wdw) w,u' € B,
implying that
e2(1-9)72( ') < ||6,, — O,]12, w,w’ € B.
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Back to lower bounds

o If there exist estimators T} of f(Xg,),k=1,...,d based on i.i.d.
Xi,.... Xn~ N(0,Xy,),w € Bwith

< 4,
La(Ps, )

maX max
1<k<d weB

Te( X1, ..., Xp) = £(Zo,)

then

max]E):e d Z Tk - fk(ZQw))Z < (52.

eB
@ k=1

@ Based on Ty, it is not hard to construct estimator § := 6, & € B
such that

2 <maxEs, |16 —6,]2 < 217942,
weB hd

implying that § > &5 = (\/g)s = ( g)s.
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Another local minimax lower bound

Let E = H be a Hilbert space. Leta> 1,r > 1 and let ¥ be a spiked
covariance operator of rank [r] with non-zero eigenvalues in

[a~! 4 6,a— 0] for some 6 > 0. Let U := B(X(,25) and suppose

f € C'(U). Let

wi(E0,0) = _sup  ||F/(E) — F'(o)]|,6 < .
[IZ—%ol|<d

Theorem
For all 3 > 2, there exists a constant Dg > 0 such that, for all § < 5,

Vil Ta(Xy, - Xn) = F(E)llp(ps)

inf sup

Tn YeS(ar),|E—oll<6 or(¥)

ao.)f/(Zo, 5) 8 &
>1—-—Dg|——~ 0+ —|.
B B[ a¢(Zo) a0t 5
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Hajek-LeCam local asymptotic minimaxity

If o¢(Xp) is bounded away from zero and wy (Xg,0) — 0 as 6 — 0, then

n|Ta(Xy,...,Xn) — f(Z
lim liminfinf sup VAl Ta(X n) ( )HLZ(PX) > 1.
o700 N2 To yes(ar),|E—Soll<-5 of(X)
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Estimation of trace functionals of covariance via

linear aggregation of plug-in estimators
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Gaussian model in a Hilbert space

@ His a separable Hilbert space

@ X is a centered Gaussian r.v. in Hiff Vu € H (X, u) is a mean zero
normal r.v.

@ Y =E(X®X): Hw~ His the covariance operator of X :
(Xu,v) =E(X,u)(X,v),u,veH

@ X is a self-adjoint, positively semi-definite and nuclear operator

@ \(X) > X2(X) > --- > 0 are the eigenvalues of X (repeated with
their multiplicities)
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Trace functionals

@ f: R, — R a “test function”
@ atrace functional:

() == u(f(X)) = > F(N(X) :/R fdus

j>1

where uy is the spectral measure of ¥ :
=3 Ig(N(X)). BC Ry
j>1

@ Goal: given f, estimate 74(X) based on i.i.d. observations
Xi,..., Xy ~ N(0, %)
@ Warning: functional 7+(X) is not Hélder smooth!
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Sample covariance operator and linear spectral

statistics

@ sample covariance operator: 3, : H — H,

n
Sp=n) o XeX
j=1

@ linear spectral statistic (plug-in estimator)

7H(2n) = u(f(Xn)) = D F(N(En))

J>1
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Asymptotic results in random matrix theory

@ H=RY d=d,— 00, :=2% — e (0,40)

n
® fin:=dy'pug normalized spectral measure of 5,
@ Marchenko and Pastur, 60s: for ¥ = I,

a1 (5n) = / fdfin— | fdv, as n— oc,
Ry Ry
v, is Marchenko-Pastur Law:

v (A) = v, (A) p ) for v € (0,1]
(1 —~7")1a(0) + 2, (A) for~y >1,

1 (x —a)(b—x)
27y X

a=>01-7?2%b:=01+ 7>

Dy (dx) =

fap(X)aX,
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Asymptotic results in random matrix theory

@ general case: ¥ = (7,

1 w
fn = 0p  fis(n) — fras N — o0.
Then

d; (% A fdfin — A fd(pXuv,)
+ +

@ Gaussian fluctuations:

T(5n) = o | Fd(un®us,) = &(F) "2 €(F) as n — oo,

Ry

&(f) being a Gaussian process

Vladimir Koltchinskii (Georgia Tech) Estimation of Functionals INFORMS 2025 140/158



Asymptotic results in random matrix theory

@ In other words,

~ d
() = dp A fd(unXuv,,)+E(F),
+

whereas we want to estimate

(=M =d, [ fdun
Ry

@ Free multiplicative deconvolution: N. El Karoui (2008), F.
Benaych-Georges and M. Debbah (2010)
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Example: estimation of log-determinant

@ H = RY logdet(¥) = tr(log ¥), ¥ nonsingular

d
o Toi=logdet(£n) — > Iog<1 - i)

k=1

bias correction

@ T. Cai, T. Liang and H. Zhou, 2013: if % — v €[0,1), then

A

Tn — log det(2) 47~ N(0,1) as n — oo
—2log(1 - 9)

n

@ Note that, in this case,

d
log det(3-,,) — log det(X) = log det(34) 4 Z Iog(x%_kH) —dlogn
k= \W—/

independent
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Bounds for estimators of trace functionals (K (2024))

Theorem

Letf e C5(Ry) forsomes=m+p,m>2,pc (0,1] and let f(0) = 0.
Suppose also that ||| <1 andr(X) < n. Then, forallp > 1,

I Trm(Xis s Xn) = ()|,

i VM BNl M) oy frED)e

~m,p ﬁ
r(x r(x)\s
Smo | D) ()"
The same bound holds for estimator T." (X1, ..., Xn).
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Phase transition in the error rates

I Trm(X, - Xn) = T(D)lL, Ss \/@+ r(o)( r(f)>s

v if r(Z) <N a€(0,1)and s > H2
ne=s(-a)/2 5 /1) i p(T) < n* a € (0,1) and s < 1£2,
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Bounds for estimators of trace functionals

Letf e C°(R4) forsomes=m+p, m>2,pc (0,1] and let f(0) = 0.
Suppose also that ||| <1 andr(X) < n. Then, forallp > 1,

H ijy’r,nn(x1 pooo 7Xf7) - 7—f(z) - <f/(2), in - z>HLp
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Normal approximation and efficiency

@ Under the assumption that r(X) < n® for some a € (0,1) and
s> ]Jj—g (and some additional assumptions, for instance, that

IZF (D)3 = r(X)),

VAT X Xa) = 71(5))
V25 ()]s =&~ N

and

NEL (TS (Xs, ..., Xn) — 74(X))?

— 1.
2|=f(x)3

@ Hajek-LeCam local asymptotic minimaxity:

nEz(T,,(X1, . ,Xn) — Tf(Z))2
2| =f(T)I3 B

lim liminfinf sup
c—o0 N—oo Tp ||Z ZO||2<\[
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Lifshits-Krein spectral shift formula

Theorem (M. Krein (1953))

Let A, H be self-adjoint operators in H and ||H||y < oo. Then, for all
continuously differentiable functions f : R — R such that ||f||, &) < oo

and |]7/||L1 ®) < 00, [[f(A+ H) — f(A)|ly < oo. Moreover, there exists a
unique function na  : R — R such that

ImanllL,® S ITHI

and

w(F(A+ H) — f(A)) = /R O nan(\)dA.

It follows that

r(F(A+ H) = F(ADI S I Lo 1H -
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Higher order spectral shift formula

Potapov, Skripka and Sukochev (2013)
@ Let A, H be self-adjoint operators in H
@ ||H||my1 < oo for some m > 1
® Inman : R Rsuch that |nmamlli,® SmlIHIM and, for all
m + 1 times continuously differentiable functions f : R — R such

that Hf(j)||L1(lR) < OO,j: 0,...,m+1,

1 dk
tr(f(A+ H) — f(A Zk, A+ tH)]e 0)

— / AP () ma (V)N
R

It follows that

w(f(A+H) - f(A Z;, g;f(AthH)\t o)

1 1
Sm |17 )HLOOHHHZL-
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Formulas for higher order derivatives

k
CRl(A+ )]0 = (DKIY(A)H, .. H],

where
(DXF)(A)[Hy, ..., Hy]
=) /R"'/Rf[k](sh---ask+1)EA(ds1)H7r(1)--'Hfr(k)dEA(dSk-H)

TESk

flK] is the k-th order divided difference of f : fl°! = f and for k > 1

flk=1(sq,...,56_ —flk=1(sy,....8¢_
[k] o (817 »Sk 1)315()_5 (317 »Sk 1zsk+1) sk # Sk+‘|
f (S1,...,Sk+1) =9 o k1] k™ k+1

SN, Sk, 1) t=s Sk = Sk41

E, is the resolution of identity of operator A.
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Bounds on higher order derivatives

It follows from PSS (2013) that
(DK (AYH, ..., HD)| Sk I IHIS
which implies the boundedness of multilinear forms
u((DF)(A)H, ..., Hi])

on the Schatten space S.
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Bounding the bias

Letf € C5(Ry) forsome s =m+p, m>2,p € (0,1] and f(0) = 0.
Then

‘ETT x1,...,x,,)—rf(z)‘

S Moz (" v 7).
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Expansion of the bias of plug-in estimator

Letm>2andlet f: R — R be m+ 1 times continuously differentiable

functions such that £(0) = 0, [|f(™*1)]|, < oo and
Hf(I)HL1(R) <o00,/=0,...,m+ 1. Then

m—

Z f)
Ers(3n) — (X Z B R,

where 3 m(X, ),/ =1,..., k do not depend on n and

< (1 f(m+1) m1 r(x) log n\ m+1
RIS IF D 2™ TeE) (552 v )
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Expansion of the bias of plug-in estimator: comments

on the proof

r k An* sy Anf
Eri($,) - 71(5) = ZIEt (DKF)(Z)[S - LooSao T g

=
—_

i Eu((D)(D)En— %, 50— 3]) _ ’”Z‘ Bim(Z, )
k=1 - 1=1 n’

@ Using bounds on Schatten norms errors of sample covariance,

Ep| Sm V)L ENEn - £l

rx log ny m+1
< 1D ) (1 T2 v (B
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Bounding the bias (sketch of the proof)

It follows from the expansion that, for f satisfying the conditions
f(O) = 07 ||f(m+1)HL < oo and Hf(l)HL (R) < OO,j = 07 S, M+ 1a

m m
ET, m(Xi,. .., Xp) — 74(Z Zﬁ,m(z;‘Z; > CiRy
j=1 N j=1

=", Ciri(En)

=0
m
- Z CjBny
j=1
and, as a consequence,

ET, m(Xi,. .., Xn) — 74(Z ‘ Z|C,||an|<k max |Ry|

r( log ny m+1
S TGl e aT VAL VYA UK
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Bounding the bias (sketch of the proof)

The rest of the proof is based on extending the bound on the bias to

arbitrary functions f such that f(0) = 0, ||f||cs < oo by approximation
arguments.
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Concentration bounds

eforfeClandp>1,

(), £ D)y £ 127y /2 v 127 2

@ Remainder of the first order Taylor expansion:
o Ri(A H) :=1(A+ H) — 74(A) — (f(A), H), A, H € &
e f: R, — R continuously differentiable, f' Lipschitz, f(0) = 0,
HX) < n
e Forallp>1,

HR,(Z, $h— %) ER(Z. 5, %)

< Ihalz (T2 By (v 1)By (2.
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